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We present interferometeric measurements of the f = 1 to f = 2 inter-hyperfine scattering
lengths in a single-domain spinor Bose-Einstein condensate of 87Rb. The inter-hyperfine interaction
leads to a strong and state-dependent modification of the spin-mixing dynamics with respect to a
non-interacting description. We employ hyperfine-specific Faraday-rotation probing to reveal the
evolution of the transverse magnetization in each hyperfine manifold for different state preparations,
and a comagnetometer strategy to cancel laboratory magnetic noise. The method allows precise
determination of inter-hyperfine scattering length differences, calibrated to intra-hyperfine scattering
length differences. We report (a(12)3 −a(12)2 )/(a(1)2 −a(1)0 ) = −1.27(15) and (a(12)1 −a(12)2 )/(a(1)2 −a(1)0 ) =
−1.31(13), limited by atom number uncertainty. With achievable control of atom number, we
estimate precisions of ≈0.3% should be possible with this technique.
I. INTRODUCTION
Since the advent of Bose-Einstein condensation (BEC)
in ultracold quantum gases, experimental access to the
spin degrees of freedom and resulting spin-dependent in-
teractions have expanded greatly. The pioneering 87Rb,
23Na and 7Li experiments [1–3] used magnetic trapping
that restricted their studies to scalar BECs in low field
seeking Zeeman sublevels. By introducing optical trap-
ping techniques [4, 5], the spin degree of freedom became
accessible. This enabled the study of spin-mixing dy-
namics [6–9], spontaneous magnetic symmetry breaking
[10–12], domain formation [4, 10, 13] and exotic topo-
logical spin excitations [14, 15] in spinor Bose-Einstein
condensates (SBEC).
These rich dynamics arise from the interplay between
superfluidity and magnetism, which for a single, spin-f
species and s-wave binary contact interactions are de-
scribed by f+1 parameters, the intrahyperfine scattering
lengths. In the case of 87Rb, these have been separately
determined for the f = 1 and f = 2 ground-state mani-
folds [8, 16, 17]. Interhyperfine interactions are less well
studied, but nonetheless play an important role in deter-
mining the miscibility of multiple BEC species [18–20],
and have been used to produce spin-squeezing with its
attendant entanglement, and Bell-type correlations [21–
25]. For 87Rb, the full set of inter-hyperfine spin inter-
action parameters has recently been measured [26] with
intriguing results. The current best values indicate that
in an equal f = 1, f = 2 ground-state mixture, the f = 1
component manifests a polar ground state at zero mag-
netic field [27] even though the f = 1 component alone
is ferromagnetic [6].
In this work we report precision measurements on the
87Rb inter-hyperfine f = 1 ↔ f = 2 scattering lengths,
using a novel comagnetometer strategy. We use a single-
domain SBEC [28], with non-destructive Faraday prob-
ing [29] for simultaneous readout of amplitude and phase
of the transverse magnetization in f = 1 and f = 2.
The method is interferometric: the scattering of interest
induces a phase shift among the Zeeman levels, which
is detected via the precession angle. The observed dy-
namics are compared to mean-field simulations under the
single-mode approximation (SMA) [30, 31], yielding the
two spin-dependent inter-hypefine interaction parameters
[27].
The presentation is organized as follows: Section II
describes the interhyperfine interaction for 87Rb. It dis-
cusses the simplifications under the rotating wave ap-
proximation (Section IIA) and the implementation of
the numerical simulations (Section II B). Data interpre-
tation and error sources are detailed in Section IIC. Sec-
tion III and Section IV introduce the experimental setup
and required classical calibrations. Section V describes
the measurement of the spin-dependent interaction pa-
rameters. In Section VI we present the resulting inter-
hyperfine scattering lengths and compare against litera-
ture values.
II. MEAN-FIELD DESCRIPTION
A SBEC can be described by a vectorial order param-
eter, which in the SMA can be written
Ψ(f)m (r, t) = ΨSMA(r) · ξ(f)m (t) , (1)
where f = 1, 2 and m = −f, ..., f . The spin-independent
spatial wave function ΨSMA(r) and the relative spin am-
plitudes ξ(f)m are normalized as follows:∫
d3r|ΨSMA(r)|2 = 1 (2a)∑
f,m
|ξ(f)m |2 = N , (2b)
where N is the number of atoms. For BECs significantly
larger than the density healing length, the kinetic contri-
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2bution to the total energy is negligible and the density
distribution is described by a Thomas-Fermi profile [32–
34]:
N |ΨSMA(r)|2 =
{
µ−V (r)
g
(1)
0
when V (r) < µ
0 otherwise
(3)
where V (r) is the underlying trapping potential and g(1)0
the spin-independent interaction coefficient for f = 1 (see
eq. (6a) below). The chemical potential µ is obtained
by normalizing the spatial wave function as defined in
Eq. (2a).
In the SMA, the spatial dependence of the wave func-
tion is integrated out and only contributes through the ef-
fective volume Veff = (
∫
dr3|ΨSMA(r)|4)−1. For the den-
sity profile in Eq. (3) and a harmonic trapping potential
with mean trapping frequency ω¯, the effective trapping
volume becomes:
Veff =
14
15
piR¯3TF , (4)
R¯TF =
(
15
4pi
g
(1)
0 N
Mω¯2
)1/5
, (5)
where R¯TF is the mean Thomas-Fermi radius and M the
atomic mass.
We follow the notation in [27] and write s-wave scat-
tering lengths as a(F)c . The scattering channel c specifies
the total spin quantum number of the colliding atoms,
while F ∈ {1, 2, 12} indicates f = 1 or f = 2 intrahy-
perfine or f = 1, 2 interhyperfine scattering, respectively.
In terms of these are defined the interaction coefficients
that appear in the single-mode description:
g
(1)
0 =
4pih¯2
M
a
(1)
0 + 2a
(1)
2
3
(6a)
g
(1)
1 =
4pih¯2
M
a
(1)
2 − a(1)0
3
, (6b)
g
(2)
1 =
4pih¯2
M
a
(2)
4 − a(2)2
7
, (6c)
g
(2)
2 =
4pih¯2
M
7a
(2)
0 − 10a(2)2 + 3a(2)4
7
, (6d)
g
(12)
0 =
4pih¯2
M
2a
(12)
2 + a
(12)
3
3
, (6e)
g
(12)
1 =
4pih¯2
M
a
(12)
3 − a(12)2
3
, (6f)
g
(12)
2 =
4pih¯2
M
3a
(12)
1 − 5a(12)2 + 2a(12)3
3
. (6g)
The f = 1 manifold contributes an energy
E(1) =
∑
m
(p(1)m+ q(1)m2)
∣∣∣ξ(1)m ∣∣∣2 + 12Veff g(1)1 F(1) ·F(1) ,
(7)
where p(1) and q(1) describe the linear and quadratic
Zeeman shifts (LZS and QZS, respectively), and F(f)
is the mean spin vector with cartesian components
F
(f)
i ≡ ξ(f)†Fˆ (f)i ξ(f), where Fˆ (f)i are spin-f matrices.
The f = 2 manifold contributes an energy
E(2) =
∑
m
(p(2)m+ q(2)m2)
∣∣∣ξ(2)m ∣∣∣2
+
1
2Veff
(
g
(2)
1 F
(2) · F(2) + g(2)2
∣∣∣A(2)0 ∣∣∣2) , (8)
where p(2) and q(2) describe the LZS and QZS of the
f = 2 manifold, and A(2)0 is the spin-singlet scalar
A
(2)
0 ≡
1√
5
(
2ξ
(2)
2 ξ
(2)
−2 − 2ξ(2)1 ξ(2)−1 + ξ(2)0 ξ(2)0
)
. (9)
The inter-hyperfine scattering contribution has been
recently described [27] and can be written
E(12) =
1
Veff
(
g
(12)
0
∑
m′
|ξ(1)m′ |2
∑
m′′
|ξ(2)m′′ |2
+g
(12)
1 F
(1) · F(2) + g(12)2 P (12)1
)
, (10)
where
P
(12)
1 =
∣∣∣∣∣
√
1
10
ξ
(1)
1 ξ
(2)
0 −
√
3
10
ξ
(1)
0 ξ
(2)
1 +
√
3
5
ξ
(1)
−1ξ
(2)
2
∣∣∣∣∣
2
+
∣∣∣∣∣
√
3
10
ξ
(1)
1 ξ
(2)
−1 −
√
2
5
ξ
(1)
0 ξ
(2)
0 +
√
3
10
ξ
(1)
−1ξ
(2)
1
∣∣∣∣∣
2
+
∣∣∣∣∣
√
3
5
ξ
(1)
1 ξ
(2)
−2 −
√
3
10
ξ
(1)
0 ξ
(2)
−1 +
√
1
10
ξ
(1)
−1ξ
(2)
0
∣∣∣∣∣
2
(11)
results from inter-hyperfine scattering with total quan-
tum number c = 1.
A. Rotating wave approximation
The LZS terms p(1) and p(2) induce Larmor precession
of the spins about the magnetic field direction, assumed
to be z, the same as the quantization axis. F(1) and F(2)
precess in opposite senses and with nearly equal angular
frequency: p(1) = −p0−ps, p(2) = p0−ps, where in 87Rb
p0/(Bh) ≈ 700 kHz G−1 and ps/(Bh) ≈ 1.39 kHz G−1.
It is natural to work in a dual-rotating frame defined
by ξ(1)m → ξ(1)m exp[imp0/h¯], ξ(2)m → ξ(2)m exp[−imp0t/h¯],
with the consequence p(1) → −ps, p(2) → −ps. We note
that rotation-invariant terms such as F(1) ·F(2) are unaf-
fected by this change of frame. In contrast, many inter-
hyperfine interaction terms acquire an oscillating factor,
e.g. ξ(1)−1ξ
(2)
1 → ξ(1)−1ξ(2)1 exp[i2p0t/h¯] .
3Parameter Mean Value Uncertainty Ref
N see sec. IV, V 10%
a
(1)
0 101.8 aB 0.2 aB [16]
a
(1)
2 − a(1)0 −1.07 aB 0.09 aB [17]
a
(2)
2 − a(2)0 3.51 aB 0.54 aB [17]
a
(2)
4 − a(2)2 6.95 aB 0.35 aB [17]
TABLE I. Mean values and associated uncertainties for the
atom number (N) and intra-hyperfine scattering lengths in
terms of the Bohr radius aB. The 10% standard deviation
in the atom number is a conservative estimate of the mea-
sured atom number fluctuations within repetitions of the same
experimental sequence. These arise from long-term atom
number drifts and stochastic loading in the experimental se-
quences of Section IV and Section V.
In the experiments described below, the precession fre-
quency p0/h ∼ 100 kHz is much faster than the colli-
sional spin dynamics, e.g. |Ng(1)1 /(Veffh)| ∼ 3 Hz. This
motivates the rotating wave approximation (RWA), i.e.
dropping the rapidly oscillating terms. From perturba-
tion theory we expect the RWA to introduce a fractional
error at the 10−4 level, which is negligible in this context.
Under this simplification, and excluding the constant
term ∝ g(12)0 , the inter-hyperfine energy becomes:
E(12) =
1
Veff
(
g
(12)
1 F
(1)
z F
(2)
z + g
(12)
2 P
(12)
1
)
, (12)
where
P
(12)
1 =
1
10
∣∣∣ξ(1)1 ξ(2)0 ∣∣∣2 + 310 ∣∣∣ξ(1)0 ξ(2)1 ∣∣∣2 + 35 ∣∣∣ξ(1)−1ξ(2)2 ∣∣∣2
+
3
10
∣∣∣ξ(1)1 ξ(2)−1∣∣∣2 + 25 ∣∣∣ξ(1)0 ξ(2)0 ∣∣∣2 + 310 ∣∣∣ξ(1)−1ξ(2)1 ∣∣∣2
+
3
5
∣∣∣ξ(1)1 ξ(2)−2∣∣∣2 + 310 ∣∣∣ξ(1)0 ξ(2)−1∣∣∣2 + 110 ∣∣∣ξ(1)−1ξ(2)0 ∣∣∣2 .
(13)
B. Numerical integration
Once the intra- and inter-hyperfine contributions have
been obtained, the dynamical evolution of the spin am-
plitudes ξ(f)m are computed by differentiating the total
energy:
ih¯
∂ξ
(f)
m
∂t
=
δ(E)
δξ
(f) ∗
m
, (14)
where E = E(1) + E(2) + E(12). The right-hand side
of Eq. (14) is computed analytically and numerical inte-
gration (via the ODEPACK routine LSODA) is used to
solve the resulting set of eight coupled differential equa-
tions [35].
C. Data interpretation and error estimates
In Sections IV, VA and VB we fit the model dynam-
ics of Eq. (14) to observed data, with the intent to cal-
ibrate q(f) and ω¯eff (effective trapping frequency), and
determine g(12)1 and g
(12)
2 , or equivalently a
(12)
3 − a(12)2
and a(2)1 − a(2)2 . The relative intra-hyperfine scattering
lengths a(1)2 − a(1)0 , a(2)2 − a(2)0 and a(2)4 − a(2)2 also ap-
pear as parameters in Eq. (14). Their literature values
and associated uncertainties are shown in Table I. Note
that theory and experiment are at present discrepant for
a
(1)
2 − a(1)0 [8, 16, 17], which introduces a systematic un-
certainty into our fit results.
A numerical exploration of the dependence of the fit-
ted values for ω¯eff , g
(12)
1 and g
(12)
2 finds that in each
case only a(1)2 − a(1)0 contributes an uncertainty that
is significant on the scale of the experimental preci-
sion. For the inter-hyperfine interaction terms, that
dependence is linear and we report ratios of the form
(a
(12)
3 − a(12)2 )/(a(1)2 − a(1)0 ), where the numerator is the
fit result and the denominator is a fixed parameter in
Eq. (14). Similarly, we report (a(12)1 −a(12)2 )/(a(1)2 −a(1)0 ),
g
(12)
1 /g
(1)
1 , and g
(12)
2 /g
(1)
1 . These ratios, unlike the fit re-
sult itself, are insensitive to the value of a(1)2 −a(1)0 , again
at the level of precision of the experimental results. The
dependence of the fitted ω¯eff on a
(1)
2 − a(1)0 is described
in Section IV.
While systematic errors in the atom number readout
are calibrated in Section IV, a remaining uncertainty
arises from experimental atom numbers fluctuations and
drifts. Atom numbers and their fluctuations were esti-
mated by repeated trap loading, state preparation, and
destructive absorption imaging prior to acquiring data
runs such as the one reported in Fig. 2. Despite this, a
significant uncertainty accrues due to drifts in the 87Rb
background pressure. We account for this with a sys-
tematic uncertainty of ±10% rms deviation around the
measured atom numbers. The value ±10% describes the
observed drifts from run to run, as well as the observed
fluctuations of f = 2 population shown in Fig. 3.
For most quantities derived from this analysis, we re-
port the statistical averages and standard deviations of
the corresponding fit parameters. For the transverse
magnetization F (f)⊥ we report the median and 90% confi-
dence interval, which is more meaningful as F (f)⊥ is intrin-
sically positive-valued and asymmetrically distributed.
III. EXPERIMENTAL SETUP
The experiments have been performed in a SBEC of
87Rb. After 4.5 s of all-optical evaporation in a crossed-
beam optical dipole trap, a SBEC with typically 105
atoms is achieved. Due to spatial bunching, thermal-
thermal collisions are expected to contribute twice the
4FIG. 1. Faraday probing of a SBEC formed by f = 1 (blue,
striped) and f = 2 (red, solid) atoms precessing around the
applied magnetic field B = Bz. Hyperfine selective probing is
achieved by sending light closely detuned to 1↔ 0′ or 2↔ 3′
for f = 1 and f = 2, respectively. D2 line transitions, probe
frequencies and detunings δ(1) and δ(2) are depicted on the
left. The dispersive interaction rotates the probe beam by
an angle proportional to the atomic spin projection φ(f) =
1
2
G
(f)
1 F
(f)
y . The rotation angle is recorded on a differential
photodetector, which has been balanced by adjusting the λ/2-
waveplate (HWP) before the polarizing beam-splitter (PBS).
The probe light power P (f) is monitored via a photodetector
behind a 50:50 beam-splitter (BS) at the beginning of the
optical path.
per-atom energy of condensate-condensate or thermal-
condensate collisions [36, 37]. Although no thermal frac-
tion is observed, we estimate that for a conservative up-
per bound of 10% thermal fraction, the additional con-
tribution of the thermal cloud is a ∼1 % effect on the
measured intra- and intrer-hyperfyne dynamics, which
will henceforth be neglected. During the spin-dynamics
phase of the experiment, the trap conditions satisfy both
static [38, 39] and dynamic [40, 41] criteria for stability of
a single spin domain, and long-time spin relaxation mea-
surements confirm the expected single-domain behavior
[28].
The spin state of the atoms can be probed by Stern-
Gerlach imaging or non-destructive Faraday probing,
shown in Fig. 1. In the later case, a probe beam fo-
cused to a few times the Thomas-Fermi radius separately
probes the transverse magnetization in f = 1 and f = 2.
By alternating between light closely detuned to 1 ↔ 0′
or 2↔ 3′ (D2 line transitions), we either interrogate the
f = 1 or the f = 2 manifold. The probing pulses are
linearly polarized and experience a rotation φ(f), which
is proportional to the atomic spin projection along their
propagation direction (y axis). Under the influence of ex-
ternally applied magnetic fields (along z axis), the LZS
terms in Eq. (7) and Eq. (8) induce rapid Larmor pre-
cessions of the transverse spin and the Faraday rotation
signal is of the form [28]:
φ(f)[t] =
1
2
G
(f)
1 F
(f)
y [t] , (15)
F (f)y [t] =F
(f)
⊥ e
−t/t(f)dep sin
[
p(f)
h¯
t+ θ(f)
]
, (16)
where time t is referenced to the start of the Faraday
probing pulse. The vector atom-light coupling factor
G
(f)
1 depends on the detuning δ
(f) to the above men-
tioned transitions and will be specified for the different
experimental sequencs of this work. The polarization ro-
tation is continuously monitored for several Larmor peri-
ods and recorded on a balanced differential photodetector
[42]. The amplitude and initial phase of the obtained os-
cillatory traces reveal the amplitude F (f)⊥ and precession
angle θ(f) of the transverse magnetization in f = 1 and
f = 2. Depolarization caused by off-resonant photon ab-
sorption events results in a characteristic depolarization
time t(f)dep [43, 44].
The above-described Faraday probing setup is operated
in the photon shot-noise limited regime [42]. In this
regime, the readout noise of the transverse spin compo-
nents, ∆F (f)x and ∆F
(f)
y is
∆F (f)x = ∆F
(f)
y =
1
|G(f)1 |
√
2
N
(f)
L
, (17)
where N (f)L is total number of photons for Faraday prob-
ing the hyperfine manifold f . For the photon numbers
and atom-light coupling factors of this work, the readout
noise is estimated to ≈1000 spins.
IV. CALIBRATION OF TRAP CONDITIONS
For a precise determination of the inter-hyperfine scat-
tering parameters, we require best-estimate values and
uncertainties for the experimental parameters that ap-
pear in Section II. These are the QZS q(f), the mean
trapping frequency ω¯ and the atom number N . Precise
knowledge of the LZS is not required, because the signals
are either insensitive to the Larmor precession angles θ(1)
and θ(2), or are sensitive only to their sum, to which the
net LZS contribution is small. The LZS must, however,
be large enough that the RWA is valid.
There are multiple sources for systematic uncertain-
ties in the above mentioned parameters. The QZS is
potentially affected by tensorial light shifts caused by
the intense trapping beams [45]. The trapping frequency
depends on power levels and precise alignment of the
crossed dipole traps, and is tipically calibrated in situ.
The inferred atom number is sensitive to the magnifi-
cation and polarization of the absorption imaging light,
as well as to the absorption cross section. For an abso-
lute calibration of the measured atom numbers, schemes
based on projection noise scaling in SBECs have been
reported [46, 47].
We note that q(f), ω¯ and N enter into f = 1 spin dy-
namics and f = 1, 2 inter-hyperfine spin dynamics in the
same way, which provides an opportunity to calibrate the
net effect of these variables with the intra-hyperfine spin
dynamics as reference. In particular, the trapping fre-
quency ω¯ and atom number N only contribute through
the mean density N/Veff ∝ N2/5ω¯6/5, see eqs. (4-5). In
5this way, the above-described experimental sources of un-
certainty in ω and in N can be combined in a single pa-
rameter, which we choose to be the effective trapping
frequency ω¯eff . In the following calibration, we take N
to be the atom number as measured by absorption imag-
ing or Faraday rotation, and obtain q(f) and the effective
trap frequency ω¯eff from a fit to measured f = 1 intra-
hyperfine spin dynamics. This results in a calibration of
the QZS and the mean density N/Veff , now written in
terms of measured N and estimated ω¯eff .
To this end, we first create a f = 1 SBEC in the non-
magnetic ξ(1)/
√
N = (0, 1, 0)T state, in the presence of
a constant field B =119.6 mG, giving N = 79(4) × 103
atoms as measured by destructive absorption imaging. A
radio frequency (rf) pi/4 pulse rotates the spin state to
ξ(1)/
√
N = (1/2, i/
√
2, 1/2)T . After a variable hold time,
Faraday rotation signals are acquired and fitted with
eqs. (15-16) to find the transverse magnetization F (f)⊥ .
Results are shown in Fig. 2 and exhibit the expected os-
cillation of F (f)⊥ produced by competition between the
QZS and the ferromagnetic interaction. These F (f)⊥ val-
ues are compared to SMA mean-field simulations as per
Section II B, with the q(1) and ω¯eff as free fit parameters.
We find ω¯eff = 2pi × 90(9) Hz and q(1)/h = 0.89(10) Hz.
The ω¯eff value is consistent with independent measure-
ments of trap sloshing frequencies. The obtained value
for q(1)/h is in agreement with the theoretically expected
[p(1)/h]2/νhfs = 1.03 Hz, where νhfs = 6.8 GHz is the
f = 1, 2 hyperfine splitting. We note that, to the preci-
sion of this work, the hyperfine manifolds feature oppo-
site QZS, so that q(2)/h = −0.89(10) Hz.
Through Eq. (7) the estimated value of ω¯eff depends on
the ferromagnetic interaction coefficient g(1)1 and thus on
a
(1)
2 −a(1)0 . As mentioned in Section IIC, this dependence
is undesirable and our preferred quantity to report is the
rescaled mean trapping frequency ω¯eff |a(1)2 − a(1)0 |5/6 =
1.63(12)× 10−6 s−1m5/6, which does not depend on the
intra-hyperfine interaction.
V. MEASUREMENT OF INTER-HYPERFINE
INTERACTION PARAMETERS
We now describe our strategies for measuring g(12)1 and
g
(12)
2 , the inter-hyperfine interaction parameters that ap-
pear in Eq. (12). First, we note that g(12)2 P
(12)
1 , which
in general is quite complicated, greatly simplifies in the
case of stretched spin states in the f = 2 manifold, for
which all ξ(2)m elements are zero except for either ξ
(2)
−2
or ξ(2)2 . For these states g
(12)
2 P
(12)
1 reduces to a single
term, which describes an effective LZS plus an effective
QZS acting upon the f = 1 manifold. As already seen
in Fig. 2, the QZS causes oscillations of F (1)⊥ . Because
the QZS-ferromagnetic competition is the only source of
such oscillations, this provides an unambiguous signal by
FIG. 2. Time evolution of the transverse magnetization
in f = 1, starting from a fully aligned (F (1)⊥ = 0) state
ξ(1)/
√
N = (1/2, i/
√
2, 1/2)T . The dynamics are governed
by the competition between the QZS and the ferromagnetic
interaction. Blue circles show the observed transverse mag-
netization F (1)⊥ after a variable hold time thold. The solid
line and colored area represent the median and 90% con-
fidence interval of the theoretical model. The probing is
δ(1) = −570MHz red-detuned from the 1 ↔ 0′ transition,
such that G(1)1 = 1.70(12)× 10−7 rad/spin.
which to measure g(12)2 .
To measure g(12)1 , we note that g
(12)
1 F
(1)
z F
(2)
z describes
an effective LZS of the f = 1 levels, with a strength
proportional to F (2)z , the f = 2 magnetization along the
B-field. The f = 1 magnetization similarly produces a
LZS in the f = 2 manifold. The resulting modification
of the Larmor frequency is of the order of 1 Hz, a tiny
fraction of the |p(f)/h| ≈ 84 kHz LZS due to the exter-
nal magnetic field B = 119.6 mG. To accurately resolve
this shift and decouple the measurements from external
magnetic field noise, we operate our SBEC as a comagne-
tometer. This technique, in which a signal is simultane-
ously acquired from distinct but co-located sensors, can
efficiently reject magnetic field noise while retaining sen-
sitivity to other effects. In hot vapors, comagnetometer
techniques have been used for sensing rotation [48, 49]
and searches for physics beyond the standard model [50].
Here, the two sensors are the f = 1 and f = 2 mani-
folds of the SBEC. Their precession angles θ(f) have op-
posite dependences on p0, and the summed precession
angle θ(12) ≡ θ(1) + θ(2) is sensitive to g(12)1 with vanish-
ing p0 contribution. We note that in the SMA the mag-
netic dipole-dipole interaction produces a field within the
condensate that is equally experienced by the f = 1 and
f = 2 manifolds, and thus with no effect on θ(12).
6FIG. 3. Dynamical evolution for the initial state in Eq. (18)
and under a magnetic field of 119.6mG. Blue circles and
red diamonds, are the mean experimental transverse mag-
netization in f = 1 and f = 2, respectively. The solid
lines are the median of the theoretical mean-field evolution
for g(12)2 /g
(1)
1 = −6.4, while shaded areas represent the 90%
confidence intervals.
A. Interaction parameter g(12)2
To measure g(12)2 , we first prepare the state
ξ0√
N
≡ ξ
(1)
0 ⊕ ξ(2)0√
N
=

1
2
√
2
i
2
1
2
√
2
⊕

0
0
0
0
1√
2
 , (18)
which describes and equal superposition of f = 1 in an
aligned (F (1)⊥ = 0) state and f = 2 in a −z stretched
state. After a variable wait time the f = 1 transverse
magnetization F (1)⊥ is measured by Faraday rotation, as
in Section IV. Note that the f = 2 state is unchanged by
the evolution and readout of f = 1. After measuring the
f = 1 manifold, a rf pi/2 pulse rotates the stretched f = 2
state into the transverse plane and F (2)⊥ is measured by
Faraday rotation. This provides a measure of the atom
number N = 2N (2) = 101(9)×103 atoms. The procedure
is described in detail in Appendix A1.
In Fig. 3 the measured transverse magnetization in
f = 1 and f = 2 are shown as a function of the hold
time in the trap. Note that the frequency and ampli-
tude of the modulation nearly double those in Fig. 2,
where only the f = 1 manifold is populated. By fit-
ting the expected SMA mean-field evolution we obtain
g
(12)
2 /g
(1)
1 = −6.4(6).
B. Interaction parameter g(12)1
To measure g(12)1 , we first prepare one of the following
two states
FIG. 4. Phase evolution of the difference in the comagne-
tometer readouts between state preparations A and B. Circles
show the experimental mean values and the error bars repre-
sent one standard deviation. The solid line and shaded area
are the mean and standard deviation of the theoretical phase
evolution for g(12)2 /g
(1)
1 = −6.4 and g(12)1 /g(1)1 = −1.27. Atom
numbers are estimated by destructive absorption imaging be-
fore the first run of experimental sequence A and B, yielding
NA = 88(3)× 103 and NB = 96(3)× 103.
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where Rˆx,pi6 is a rotation about the x axis by angle pi/6.
The rotation angle is a compromise between a strong
spin component parallel to the external magnetic field
(required for a g(12)1 F
(1)
z F
(2)
z contribution in Eq. (12))
and a significant transverse magnetization (required for
Faraday readout). After a variable wait time, the f = 1
and f = 2 precession angles are measured by Faraday
rotation. A detailed description is given in Appendix A 2.
For an initial state X ∈ {A,B} the comagnetome-
ter signal θ(12)X ≡ θ(1)X + θ(2)X contains contributions from
the −2ps/h = −334 Hz differential LZS between f = 1
and f = 2, the QZS and the spin-dependent inter-
hyperfine interaction, i.e., the g(12)1 and g
(12)
2 contribu-
tions. We analyze the difference in comagnetometer read-
outs θ(12)A − θ(12)B , in which also the differential LZS con-
tribution cancels. The QZS is known from the calibration
of Section IV. The results are shown in Fig. 4, where the
7experimental data are fitted to SMA mean-field simula-
tions in which g(12)1 is a free fit parameter whereas g
(12)
2
is fixed at the value found in Section VA. We obtain
g
(12)
1 /g
(1)
1 = −1.27(15).
VI. COMPARISON WITH PRIOR WORK AND
OUTLOOK
Using Eq. (6f) and Eq. (6g) for the above values of
g
(12)
1 and g
(12)
2 , we find (a
(12)
3 − a(12)2 )/(a(1)2 − a(1)0 ) =
−1.27(15) and (a(12)1 − a(12)2 )/(a(1)2 − a(1)0 ) = −1.31(13),
with relative uncertainties of 12% and 10%, respectively.
As noted above, these ratios are insensitive to the exact
value of a(1)2 − a(1)0 , which serves as an input parameter
in the modeling and fits. The same sensitivity to a(1)2 −
a
(1)
0 applies also to the prior measurements of [26], which
found (a(12)3 − a(12)2 )/(a(1)2 − a(1)0 ) = −1.8(5) and (a(12)1 −
a
(12)
2 )/(a
(1)
2 − a(1)0 ) = −2.2(4). These differ by 1σ and 2σ
combined uncertainty from the result presented here.
Our accuracy is presently limited by uncertainty in the
SBEC atom numbers, which reflect loading fluctuations
and atom loss during the experiment. Active control
schemes can stabilize the atom numbers of cold atomic
ensembles below shot noise by using dispersive probing
[51]. Applied to the current experiment, such stabiliza-
tion is foreseen to reduce the relative uncertainties in the
results bellow ∼0.3 %.
VII. CONCLUSIONS
We have demonstrated an interferometric method to
precisely measure the inter-hyperfine collisional interac-
tions in f = 1, f = 2 mixtures of ultracold atoms. The
method employs a single-domain SBEC and hyperfine-
state-specific Faraday rotation to measure spin evolu-
tion. Two new multi-pulse radio frequency and mi-
crowave state preparations are used. Each one gener-
ates a hyperfine-state mixture that gives high-visibility
spin dynamics, that sensitively depends on one or more
inter-hyperfine scattering lengths. We also describe
a new calibration of the effective trapping frequency
and quadratic Zeeman shifts which is based on the
interaction-dependent modulation of the transverse mag-
netization. This new calibration substitutes for an abso-
lute calibration of the atom number, typically one of the
larger uncertainties in ultracold gas experiments. Ap-
plying these techniques to 87Rb, we measure (a(12)3 −
a
(12)
2 )/(a
(1)
2 − a(1)0 ) and (a(12)1 − a(12)2 )/(a(1)2 − a(1)0 ) with
relative uncertainties of 12% and 10%, respectively, lim-
ited by atom number drift between calibration and mea-
surement. A relative uncertainty of ∼0.3 % is projected
for experiments with nondestructive atom number mon-
itoring. The methods are directly applicable to other
commonly-used alkali species 7Li, 23Na and 39K, in ad-
dition to 87Rb.
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9Appendix A: Experimental sequences
FIG. 5. Experimental sequences for the determination of the inter-hyperfine interaction parameters g(12)2 (top) and g
(12)
1
(bottom). The relative spin populations in f = 1 and f = 2 are represented by the blue and red circles. The oscillatory traces
at the end of both sequences illustrate the consecutive Faraday readouts of the transverse magnetization in each hyperfine
manifold. Note that the bottom sequence branches into A or B for the many-body (MB) evolution of a SBEC initially prepared
in ξ0,A or ξ0,B , respectively. The insets of this later sequence show the angular evolution of the transverse spins θ(f)A and θ
(f)
B ,
as well as the corresponding comagnetometer readouts (θ(12)A and θ
(12)
B ).
1. Experimental sequence for measuring g(12)2
(See Fig. 5 top.) After all-optical evaporation, a SBEC is obtained in the ξ(1)/
√
N = (0, 1, 0)T state. The
ensemble is coherently transferred into an equal superposition ξ/
√
N = (0, 1/
√
2, 0)T ⊕ (0, 0, 0, 0, 1/√2)T by means
of a resonant radio frequency (rf) pi/2 rotation around the x-axis and a sequence of microwave (mw) pi pulses (I, II
and III). Thereafter, the magnetic field is ramped up to 381.5 mG in order to raise the differential LZS to (p(1) +
10
p(2))/h =−1.06 kHz. A Ramsey-like sequence, consisting of two rf pi/8 pulses (rotating about x) separated by 462 µs
is used to produce a net pi/4 rotation of the f = 1 manifold, and zero net rotation of the f = 2 manifold. The
resulting state is given in Eq. (18). The magnetic field is rapidly ramped down to 119.6 mG, ensuring a modest
QZS during the subsequent many-body (MB) evolution. After a variable hold time thold, the magnetizations in
f = 1 and f = 2 are detected by Faraday rotation. A first pulse (δ(1) = −270 MHz red detuned from 1 → 0′,
G
(1)
1 = 3.3(2)× 10−7 rad/spin) probes the f = 1 transverse magnetization. A rf pi/2 pulse is then applied to rotate
the f = 2 stretched state ξ(2)/
√
N = (0, 0, 0, 0, 1/
√
2)T into the transverse plane for detection with a second pulse
(δ(2) = 360 MHz blue detuned from 2→ 3′, G(2)1 = 1.9(1)× 10−7 rad/spin). The damped oscillatory signals illustrate
the recorded Faraday signals described in eq. (15-16).
2. Experimental sequence for measuring g(12)1
(See Fig. 5 bottom.) The sequence starts with a SBEC in ξ(1)/
√
N = (0, 1, 0)T which is coherently split by a rf pi/2
pulse into ξ(1)/
√
N = (1/
√
2, 0, 1/
√
2)T . Subsequently, either the initial state ξ0,A or ξ0,B is prepared via mw pulses
(I, II and III) and a rf pi/6 rotation around the x axis. Hereafter, the many-body (MB) evolution begins. For the
applied constant magnetic field of 119.6 mG the LZS is p(2)/h ≈ −p1(1)/h = 84 kHz with a differential frequency of
p(1)/h+ p(2)/h = −334 Hz. The insets illustrate how the f = 1 and f = 2 transverse spin orientations (θ(1)A and θ(2)A
or θ(1)B and θ
(2)
B ) rapidly evolve due to the LZS. The differential is represented by the green comagnetometer readouts,
which depending on the state preparation are labeled by θ(12)A and θ
(12)
B . After a variable hold time of up to 200 ms,
the transverse magnetization is interrogated . First the Faraday probe of f = 1 is applied, from which, depending
on the state preparation, the spin orientation θ(1)A or θ
(1)
B is obtained. Next, and without any additional rf pulse, the
f = 2 manifold is probed, yielding θ(2)A or θ
(2)
B . The comagnetometer readout is obtained by θ
(12)
X ≡ θ(1)X + θ(2)X , where
X ∈ {A,B}. Faraday probing frequencies and atom-light coupling factors are identical to the previous section.
